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Abstract
In this paper, we show that convergence of Picard, Mann, Krasnoselskij and Ishikawa
iterations is equivalent in cone normed spaces. Also, we prove that semistability of
these iterations is equivalent.
Keywords: semistability; Picard iteration; Mann iteration; Krasnoselskij iteration;
Ishikawa iteration
1 Introduction
Let (E,‖ · ‖E) be a real Banach space. A subset P ⊆ E is called a cone in E if it satisﬁes the
following conditions:
(i) P is closed, nonempty and P = {},
(ii) a,b ∈R, a,b≥  and x, y ∈ P imply that ax + by ∈ P,
(iii) x ∈ P and –x ∈ P imply that x = .
The space E can be partially ordered by the cone P, by deﬁning x≤ y if and only if y–x ∈ P.
Also, we write x y if y–x ∈ intP, where intP denotes the interior of P. A cone P is called
normal if there exists a constant k >  such that ≤ x≤ y implies ‖x‖E ≤ k‖y‖E . The least
positive number satisfying above is called the normal constant of P.
From now on, we suppose that E is a real Banach space, P is a cone in E and≤ is a partial
ordering with respect to P.
Lemma . ([]) Let P be a normal cone and let {an} and {bn} be sequences in E satisfying
the following inequality:
an+ ≤ han + bn, ()
where h ∈ (, ) and bn →  as n→ ∞. Then limn→∞ an = .
Deﬁnition . ([]) Let X be a vector space over the ﬁeld F . Assume that the function
p : X → E having the properties:
(i) ≤ p(x) for all x in X ,
(ii) p(x + y)≤ p(x) + p(y) for all x, y in X ,
(iii) p(αx) = |α|p(x) for all α ∈ F and x ∈ X .
Then p is called a cone seminorm on X. A cone norm is a cone seminorm p such that
(iv) x =  if p(x) = .
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We will denote a cone norm by ‖ · ‖c and (X,‖ · ‖c) is called a cone normed space. Also,
dc(x, y) = ‖x – y‖c deﬁnes a cone metric on X.
Deﬁnition . ([]) Let (X,‖ · ‖c) be a cone normed space. Then A⊆ X is called bounded
above if there exists c ∈ E,  c such that ‖x – y‖c ≤ c for all x, y ∈ A.
Deﬁnition . Let (X,‖ · ‖c) be a cone normed space. Let {xn} be a sequence in X and
x ∈ X. If for any c ∈ E with   c, there exists an integer N ≥  such that for all n ≥ N ,
‖xn – x‖c  c, then we will say {xn} converges to x and we write limn→∞ xn = x.
Deﬁnition . Let (X,‖ · ‖c) be a cone normed space. Let {xn} be a sequence in X and
x ∈ X. If for any c ∈ E with  c, there exists an integer N ≥  such that for all n,m≥N ,
‖xn – xm‖c  c, then {xn} is said to be a Cauchy sequence. If every Cauchy sequence is
convergent in X, then X is called a cone Banach space.
Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone. Let {xn} be a
sequence in X and x ∈ X. Then {xn} converges to x if and only if limn→∞ dc(xn,x) = .
Lemma . Let (X,‖ · ‖c) be a cone normed space over the real Banach space E with the
cone P which is normal with the normal constant k. The mapping N : X → [,∞) deﬁned
by N(x) = ‖(‖x‖c)‖E satisﬁes the following properties:
(i) ‖x‖c ≤ ‖y‖c implies N(x)≤ kN(y),
(ii) N(x + y)≤ k[N(x) +N(y)] for all x, y ∈ X ,
(iii) N(αx) = |α|N(x) for all α ∈ F and x ∈ X ,
(iv) N(x – y)≤ k[N(x – z) + · · · +N(x – zn)] for all x, y, z, . . . , zn ∈ X ,
(v) x =  if and only if N(x) = .
Moreover, let A be a bounded above subset of X, then
(vi) {N(x) : x ∈ A} is a bounded set.
Proof The proof is obvious. 
Deﬁnition . Let (X,‖·‖c) be a cone normed space over the real Banach space Ewith the
normal cone P. The mapping N , deﬁned in Lemma ., is called a norm type with respect
to ‖ · ‖c.
Lemma . Let (X,‖ · ‖c) be a cone normed space over the real Banach space E with the
normal cone P. Also, let {xn} be a sequence in X and x ∈ X. Then {xn} converges to x if and
only if limn→∞ N(xn – x) = .
Proof Note that {‖xn – x‖c} is a sequence in E and by Lemma ., the proof is obvious.

Deﬁnition . Let X be a cone normed space and T : X → X be a map for which there
exist real numbers a, b, c satisfying  < a < ,  < b < / and  < c < /. Then T is called a
Zamﬁrescu operator with respect to (a,b, c) if and only if for each pair x, y ∈ X, T satisﬁes
at least one of the following conditions:
(Z) ‖Tx – Ty‖c ≤ a‖x – y‖c,
(Z) ‖Tx – Ty‖c ≤ b(‖x – Tx‖c + ‖y – Ty‖c),
(Z) ‖Tx – Ty‖c ≤ c(‖x – Ty‖c + ‖y – Tx‖c).
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Usually, for simplicity, T is called a Zamﬁrescu operator if T is Zamﬁrescu with respect
to some triple (a,b, c) of scalers a, b and c with above restrictions. Also, T is called
f -Zamﬁrescu operator if at least one of the relations (Z), (Z) and (Z) hold for all x ∈ X
and for all y ∈ F(T).
Remark . Let T be a Zamﬁrescu operator and x, y ∈ X be arbitrary. Since T is Zam-
ﬁrescu, at least one of the conditions (Z), (Z) and (Z) is satisﬁed. If (Z) holds, then
‖Tx – Ty‖c ≤ b
(‖x – Tx‖c + ‖y – Ty‖c
)




( – b)‖Tx – Ty‖c ≤ b‖x – y‖c + b‖x – Tx‖c.
Since  < b < , we have
‖Tx – Ty‖c ≤ b – b‖x – y‖c +
b
 – b‖x – Tx‖c.
Similarly, if (Z) holds, then we obtain
‖Tx – Ty‖c ≤ c – c‖x – y‖c +
c
 – c‖x – Tx‖c.
Hence
‖Tx – Ty‖c ≤ δ‖x – y‖c + δ‖x – Tx‖c, ()
where δ :=max{a, b–b , c–c } and  < δ < .
Deﬁnition . Let X be a cone normed space. A self-map T of X is called a quasi-
contraction if for some constant λ ∈ (, ) and for every x, y ∈ X, there exists
u ∈ C(T ;x, y)≡ {‖x – y‖c,‖x – Tx‖c,‖y – Ty‖c,‖y – Tx‖c,‖x – Ty‖c
}
such that ‖Tx–Ty‖c ≤ λu. If this inequality holds for all x ∈ X and y ∈ F(T), we say that T
is a f -quasi-contraction.
Deﬁnition . Let X be a cone normed space, T be a self-map of X and p = u = x =
v ∈ X. The Picard iteration is given by
pn+ = Tpn. ()
For a sequence of self-maps {Tn}n∈N, the iteration pn+ = Tnpn is called the Picard’s S-
iteration.
Another two well-known iteration procedures for obtaining ﬁxed points of T areMann
iteration deﬁned by
un+ = ( – αn)un + αnTun ()
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and Ishikawa iteration deﬁned by
xn+ = ( – αn)xn + αnTzn,
zn = ( – βn)xn + βnTxn,
()
where {αn} ⊆ (, ) and {βn} ⊆ [, ). Also, the Krasnoselskij iteration is deﬁned by
vn+ = ( – λ)vn + λTvn, ()
where λ ∈ (, ).
If T is a self-map of X, then by F(T) we mean the set of ﬁxed points of T . Also, N
denotes the set of nonnegative integers, i.e., N =N∪ {}.
Lemma . ([]) Let (X,dc) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X → X satisﬁes the contractive condition
dc(Tx,Ty)≤ kdc(x, y)
for all x, y ∈ X, where k ∈ [, ) is a constant. Then T has a unique ﬁxed point in X and for
each x ∈ X, the iterative sequence {Tnx} converges to the ﬁxed point.
Lemma . ([]) Let (X,dc) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X → X satisﬁes the contractive condition
dc(Tx,Ty)≤ k
(
dc(Tx,x) + dc(Ty, y)
)
for all x, y ∈ X, where k ∈ [, /) is a constant. Then T has a unique ﬁxed point in X and
for each x ∈ X, the iterative sequence {Tnx} converges to the ﬁxed point.
Lemma . ([]) Let (X,dc) be a complete cone metric space and P be a normal cone.
Suppose that the mapping T : X → X satisﬁes the contractive condition
dc(Tx,Ty)≤ k
(
dc(Tx, y) + dc(Ty,x)
)
for all x, y ∈ X, where k ∈ [, /) is a constant. Then T has a unique ﬁxed point in X and
for each x ∈ X, the iterative sequence {Tnx} converges to the ﬁxed point.
Lemma . ([]) Let T be a quasi-contraction with  < λ < /. Then T is a Zamﬁrescu
operator.
Deﬁnition . Let (X,‖ · ‖c) be a cone normed space and {Tn}n be a sequence of self-
maps of X with
⋂
n F(Tn) = ∅. Let x be a point of X and assume that xn+ = f (Tn,xn) is
an iteration procedure involving {Tn}, which yields a sequence {xn} of points from X. The
iteration xn+ = f (Tn,xn) is said to be {Tn}-semistable (or semistable with respect to {Tn})
if whenever {xn} converges to a ﬁxed point q in⋂n F(Tn) and {yn} is a sequence in X with
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limn→∞ ‖yn+ – f (Tn, yn)‖c =  and ‖yn – f (Tn, yn)‖c = o(tn) for some sequence {tn} ⊆ R+,
then yn → q.
The iteration xn+ = f (Tn,xn) is said to be {Tn}-stable (or stable with respect to {Tn}) if
{xn} converges to a ﬁxed point q in ⋂n F(Tn) and whenever {yn} is a sequence in X with
limn→∞ ‖yn+ – f (Tn, yn)‖c = , we have yn → q.
Note that if Tn = T for all n, then Deﬁnition . gives the deﬁnitions of T-semistability
and T-stability respectively.
Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone and {Tn}n∈N
be a sequence of self-maps of X with
⋂
n F(Tn) = ∅. Suppose that there exist nonnegative
bounded sequences {an}, {bn} with supn bn <  such that
dc(Tnx,q)≤ andc(x,Tnx) + bndc(x,q)
for each n ∈ N, x ∈ X and q ∈ ⋂n F(Tn). Then the Picard’s S-iteration is semistable with
respect to {Tn}.
Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone and {Tn}n∈N be a
sequence of self-maps of X with
⋂
n F(Tn) = ∅. If for all n ∈N,Tn is a f -Zamﬁrescu operator
with respect to (αn,βn,γn) with supn γn < /. Then the Picard’s S-iteration is semistable
with respect to {Tn}.
Lemma . ([]) Under the conditions of Lemma . if Tn is a Zamﬁrescu operator for
all n, then the Picard’s S-iteration is semistable with respect to {Tn}n.
Lemma . ([]) Let (X,dc) be a cone metric space, P be a normal cone and {Tn}n∈N
be a sequence of self-maps of X with
⋂
n F(Tn) = ∅. If for all n ∈ N, Tn is a f -quasi-
contraction with λn such that supn λn < , then the Picard’s S-iteration is semistable with
respect to {Tn}n.
For some other sources on these topics, we refer to [–].
2 Main results
Theorem . Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamﬁrescu self-map of X and q ∈ F(T). Then the following are equivalent:
(i) the Picard iteration converges to q,
(ii) the Mann iteration converges to q.
Proof Let {αn} ⊆ (, ) be given. We prove the implication (i) ⇒ (ii). Suppose that
limn→∞ pn = q. Now, by using () and (), we have
‖un+ – pn+‖c ≤ ( – αn)‖un – Tpn‖c + αn‖Tun – Tpn‖c
≤ ( – αn)‖un – pn‖c + ( – αn)‖pn – Tpn‖c + αn‖Tun – Tpn‖c
≤ ( – αn)‖un – pn‖c + ( – αn)
(‖pn – q‖c + ‖Tpn – Tq‖c
)
+ αn‖Tun – Tpn‖c. ()
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Using () with x := pn, y := un, we get
‖Tun – Tpn‖c ≤ δ‖un – pn‖c + δ‖pn – Tpn‖c
≤ δ‖un – pn‖c + δ
(‖pn – q‖c + ‖Tpn – Tq‖c
)
. ()
Using () with x := q, y := pn, we obtain
‖Tpn – Tq‖c ≤ δ‖pn – q‖c. ()
Relations (), () and () lead to
‖un+ – pn+‖c ≤
(
 – ( – δ)αn
)‖un – pn‖c + ( – αn + δαn)( + δ)‖pn – q‖c.
Set
an := ‖un – pn‖c,
bn := ( – αn + δαn)( + δ)‖pn – q‖c,
h :=  – sup
n
αn.
Since limn→∞ ‖pn – q‖c = , by using Lemma ., we get
lim
n→∞‖un – pn‖c = .
Thus
≤ ‖un – q‖c ≤ ‖un – pn‖c + ‖pn – q‖c → ,
as n→ ∞. This completes the proof.
Now we prove (ii) ⇒ (i). Suppose that limn→∞ ‖un – q‖c = . Applying () and (), we
have
‖un+ – pn+‖c ≤ ( – αn)‖un – Tpn‖c + αn‖Tun – Tpn‖c
≤ ( – αn)‖un – Tun‖c + ‖Tun – Tpn‖c. ()
Using () with x := un, y := pn, we obtain
‖Tun – Tpn‖c ≤ δ‖un – pn‖c + δ‖un – Tun‖c. ()
Therefore, from () and (), we get
‖un+ – pn+‖c ≤ δ‖un – pn‖c + ( – αn + δ)‖un – Tun‖c
≤ δ‖un – pn‖c + ( – αn + δ)
(‖un – q‖c + ‖Tun – Tq‖c
)
≤ δ‖un – pn‖c + ( – αn + δ)( + δ)‖un – q‖c. ()
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Put
an := ‖un – pn‖c,
bn := ( – αn + δ)( + δ)‖un – q‖c,
h := δ.
Since limn→∞ bn = , by Lemma . and relation (), we get limn→∞ ‖un – pn‖c = . Thus
‖pn – q‖ ≤ ‖pn – un‖c + ‖un – q‖c → ,
as n→ ∞ and so the proof is complete. 
Theorem . Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamﬁrescu self-map of X and q ∈ F(T). Then the following are equivalent:
(i) the Picard iteration converges to q,
(ii) the Krasnoselskij iteration converges to q.
Proof For αn = λ, theMann iteration reduces to the Krasnoselskij iteration. Now apply the
proof of Theorem .. 
Theorem . Let X be a cone normed space and P be a normal cone. Suppose that T is a
Zamﬁrescu operator of X and q ∈ F(T). Then the following are equivalent:
(i) the Mann iteration converges to q,
(ii) the Ishikawa iteration converges to q.
Proof Let {αn} ⊆ (, ) and {βn} ⊆ [, ) be given.We prove the implication (i)⇒ (ii). Sup-
pose that limn→∞ un = q. Using
lim
n→∞‖xn – un‖c = , ()
and
≤ ‖q – xn‖c ≤ ‖un – q‖c + ‖xn – un‖c,
we get limn→∞ xn = q. The proof is complete if we prove relation ().
Using (), () and () with x := un, y := zn, we have
‖un+ – xn+‖c ≤
∥∥( – αn)(un – xn) + αn(Tun – Tzn)
∥∥
c
≤ ( – αn)‖un – xn‖c + αn‖Tun – Tzn‖c
≤ ( – αn)‖un – xn‖c + αnδ‖un – zn‖c + αnδ‖un – Tun‖c. ()
Using () with x := un, y := xn, we have
‖un – zn‖c ≤
∥∥( – βn)(un – xn) + βn(un – Txn)
∥∥
c
≤ ( – βn)‖un – xn‖c + βn‖un – Txn‖c
≤ ( – βn)‖un – xn‖c + βn‖un – Tun‖c + βn‖Tun – Txn‖c
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≤ ( – βn)‖un – xn‖c + βn‖un – Tun‖c + βnδ‖un – xn‖c + βnδ‖un – Tun‖c
=
(
 – βn( – δ)
)‖un – xn‖c + βn( + δ)‖un – Tun‖c. ()
Relations () and () lead to
‖un+ – xn+‖c ≤ ( – αn)‖un – xn‖c + αnδ
(
 – βn( – δ)
)‖un – xn‖c











βn( + δ) + 
)‖un – Tun‖c.
Put
an := ‖un – xn‖c,
bn := αnδ
(
βn( + δ) + 
)‖un – Tun‖c,
h :=  – sup
n
αn.
Note that limn→∞ ‖un – q‖c = , T is Zamﬁrescu and q ∈ F(T). By () we obtain
 ≤ ‖un – Tun‖c ≤ ‖un – q‖c + ‖q – Tun‖c ≤ (δ + )‖un – q‖c.
Hence limn→∞ ‖un – Tun‖c = ; that is, limn→∞ bn = . Lemma . leads to
lim
n→∞‖un – xn‖c = .
Now we will prove that (ii)⇒ (i). Using () with x := zn, y := un, we obtain
‖xn+ – un+‖c ≤
∥∥( – αn)(xn – un) + αn(Tzn – Tun)
∥∥
c
≤ ( – αn)‖xn – un‖c + αn‖Tzn – Tun‖c
≤ ( – αn)‖xn – un‖c + αnδ‖zn – un‖c + αnδ‖zn – Tzn‖c. ()
Also, the following relation holds:
‖zn – un‖c ≤
∥∥( – βn)(xn – un) + βn(Txn – un)
∥∥
c
≤ ( – βn)‖xn – un‖c + βn‖Txn – un‖c
≤ ( – βn)‖xn – un‖c + βn‖Txn – xn‖c + βn‖xn – un‖c
≤ ‖xn – un‖c + βn‖Txn – xn‖c. ()
Substituting () in (), we obtain
‖xn+ – un+‖c
≤ ( – αn)‖xn – un‖c + αnδ
(‖xn – un‖c + βn‖Txn – xn‖c
)
+ αnδ‖zn – Tzn‖
≤ ( – ( – δ)αn
)‖xn – un‖c + αnβnδ‖Txn – xn‖c + αnδ‖zn – Tzn‖c. ()
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Put
an := ‖xn – un‖c,
bn := αnβnδ‖Txn – xn‖c + αnδ‖zn – Tzn‖c,
h :=  – sup
n
αn.
From limn→∞ ‖xn – q‖c = , T is Zamﬁrescu, q ∈ F(T) and by () we obtain
≤ ‖xn – Txn‖c ≤ ‖xn – q‖c + ‖q – Txn‖c ≤ (δ + )‖xn – q‖c,
and
 ≤ ‖zn – Tzn‖c
≤ ‖zn – q‖c + ‖q – Tzn‖c
≤ (δ + )‖zn – q‖c
≤ (δ + )[( – βn)‖xn – q‖c + βn‖q – Txn‖c
]
≤ (δ + )[( – βn)‖xn – q‖c + δβn‖q – xn‖c
]
≤ (δ + )( – βn( – δ)
)‖q – xn‖c.
Hence limn→∞ ‖xn – Txn‖c =  and limn→∞ ‖zn – Tzn‖c = ; that is, limn→∞ bn = .
Lemma . and () lead to limn→∞ ‖xn – un‖c = . Thus, we get
‖q – un‖ ≤ ‖xn – un‖c + ‖xn – q‖c → ,
and the proof is complete. 
Corollary . Let X be a cone Banach space, P be a normal cone and T be a Zamﬁrescu
self-map of X. Then T has a unique ﬁxed point in X and the Picard, Mann, Krasnoselskij
and Ishikawa iterative sequences converge to the ﬁxed point of T .
Corollary . Let X be a cone Banach space, P be a normal cone and T be a quasi-
contraction mapping of X with  < λ < /. Then T has a unique ﬁxed point in X and the
Picard, Mann, Krasnoselskij and Ishikawa iterative sequences converge to the ﬁxed point
of T .
Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that T is
a self-map of X and that every Picard and Mann iteration converges to a ﬁxed point of T .
Then the following are equivalent:
(i) the Picard iteration is semistable with respect to T ,
(ii) the Mann iteration is semistable with respect to T .
Proof Suppose that q is a ﬁxed point of T such that every Picard andMann iteration con-
verges to q. Let {yn} be an arbitrary sequence in X. For (i)⇒ (ii), let
lim
n→∞
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c = 
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and ‖yn – Tyn‖c = o(tn) for some {tn} ⊆R+. We have
‖yn+ – Tyn‖c ≤
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c + ( – αn)‖yn – Tyn‖c → 
as n→ ∞. By assumption (i), we get limn→∞ yn = q.
Conversely, we prove (ii)⇒ (i). Let limn→∞ ‖yn+ –Tyn‖c =  and ‖yn – Tyn‖c = o(tn) for
some {tn} ⊆R+. We have
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c
≤ ‖yn+ – Tyn‖c + ( – αn)‖yn+ – yn‖c + ( – αn)‖yn+ – Tyn‖c
≤ ( – αn)‖yn+ – Tyn‖c + ( – αn)‖yn+ – yn‖c
≤ ( – αn)‖yn+ – Tyn‖c + ( – αn)
(‖yn+ – Tyn‖c + ‖yn – Tyn‖c
)
= ( – αn)‖yn+ – Tyn‖c + ( – αn)‖yn – Tyn‖c → 
as n → ∞. Thus limn→∞ yn = q and so the Picard iteration is semistable with respect
to T . 
Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that T is a
self-map of X and that every Picard and Krasnoselskij iteration converges to a ﬁxed point
of T . Then the following are equivalent:
(i) the Picard iteration is semistable with respect to T ,
(ii) the Krasnoselskij iteration is semistable with respect to T .
Proof In Theorem ., put αn = λ. Then by the same method used in the proof of Theo-
rem ., we can complete the proof. 
Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that {αn}
in Ishikawa iteration procedure satisﬁes limn→∞ αn = , T is a self-map of X with bounded
above range and also every Picard and Ishikawa iterative sequence converges to a ﬁxed
point of T . Then the following are equivalent:
(i) the Picard iteration is semistable with respect to T ,
(ii) the Ishikawa iteration is semistable with respect to T .
Proof Suppose that q is a ﬁxed point of T such that every Picard and Ishikawa iterative
sequence converges to q. Let {yn} ⊆ X and {βn} ⊆ [, ) be given and set
sn := ( – βn)yn + βnTyn,
γn := ‖yn+ – Tyn‖c,
δn :=





N(Tx) : x ∈ X},
where N is the norm type with respect to (‖ · ‖c). It is assumed that T has bounded above
range and so, by Lemma .,M <∞.
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Now we prove that (i) ⇒ (ii). Let limn→∞ δn =  and ‖yn – Tyn‖c = o(tn) for some
{tn} ⊆R+. Observe that
γn = ‖yn+ – Tyn‖c
≤ ∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c +
∥∥( – αn)yn + αnTsn – Tyn
∥∥
c





+ ‖yn – Tyn‖c
≤ δn + αn
(‖yn – Tyn‖c + ‖Tyn‖c + ‖Tsn‖c
)
+ ‖yn – Tyn‖c
≤ δn + αn
(‖Tyn‖c + ‖Tsn‖c
)
+ ( + αn)‖yn – Tyn‖c.






+ ( + αn)‖yn – Tyn‖c
)
≤ kN(δn) + kMαn + k( + αn)N(yn – Tyn)→ 
as n→ ∞ (here k is the normal constant of P). So, by Lemma ., limn→∞ γn =  and the
condition (i) assures that limn→∞ yn = q. Thus the Ishikawa iteration is semistable with
respect to T .
Conversely, we prove (ii) ⇒ (i). Let limn→∞ γn =  and ‖yn – Tyn‖c = o(tn) for some
{tn} ⊆R+. We have
δn =
∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c
≤ ‖yn+ – Tyn‖c +
∥∥Tyn – ( – αn)yn – αnTsn
∥∥
c
= ‖yn+ – Tyn‖c +
∥∥Tyn – ( – αn)yn – αnTsn + αnTyn – αnTyn
∥∥
c
≤ γn + ( – αn)‖yn – Tyn‖c + αn‖Tyn – Tsn‖c.
By Lemmas . and ., we get
N(δn) ≤ kN
(
γn + ( – αn)‖yn – Tyn‖c + αn‖Tyn – Tsn‖c
)
≤ kN(γn) + k( – αn)N(yn – Tyn) + kαnN(Tyn – Tsn)
≤ kN(γn) + k( – αn)N(yn – Tyn) + kMαn → 
as n→ ∞, where k is the normal constant of P. So limn→∞ δn =  and by assumption (ii),
we have limn→∞ yn = q. Thus the Picard iteration is semistable with respect to T . 
Theorem . Let X be a cone Banach space and P be a normal cone. Suppose that {αn} in
Mann and Ishikawa procedures satisﬁes limn→∞ αn = , T is a self-map of X with bounded
above range and also everyMann and Ishikawa iterative sequence converges to a ﬁxed point
of T . Then the following are equivalent:
(i) the Mann iteration is T-stable,
(ii) the Ishikawa iteration is T-stable.
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Proof Let q be a ﬁxed point ofT and everyMann and Ishikawa iterative sequence converge
to q. Suppose that k is the normal constant of P and put
M := sup
{
N(Tx) : x ∈ X},
where N is the norm type with respect to ‖ · ‖c. Since T has bounded above range, then




∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c = ,
where sn = ( – βn)yn + βnTyn and {βn} ⊆ [, ). We show that limn→∞ yn = q. Note that
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c ≤
∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c + ‖αnTsn – αnTyn‖c.
By Lemma . and Lemma ., we obtain
N
(
yn+ – ( – αn)yn – αnTyn
)≤ kN(yn+ – ( – αn)yn – αnTsn
)
+ kMαn → ,
as n→ ∞ and so
lim
n→∞
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c = .
Condition (i) assures that limn→∞ yn = q. Thus the Ishikawa iteration is T-stable.
Conversely, we prove (ii)⇒ (i). Suppose that
lim
n→∞
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c = .
We show that limn→∞ yn = q. Put
sn := ( – βn)yn + βnTyn,
and observe that
∥∥yn+ – ( – αn)yn – αnTsn
∥∥
c ≤
∥∥yn+ – ( – αn)yn – αnTyn
∥∥
c + ‖αnTyn – αnTsn‖c.
By Lemma . and Lemma ., we obtain
N
(
yn+ – ( – αn)yn – αnTsn
)≤ kN(yn+ – ( – αn)yn – αnTyn
)
+ kMαn → 
as n → ∞ and hence limn→∞ ‖yn+ – ( – αn)yn – αnTsn‖c = . By assumption (ii), we get
limn→∞ yn = q and the proof is complete. 
Corollary . Let (X,‖ · ‖c) be a cone normed space, P be a normal cone and T be a self-
map of X and q ∈ F(T). Suppose that there exist nonnegative real numbers a and b with
b <  such that
‖Tx – q‖c ≤ a‖x – Tx‖c + b‖x – q‖c
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for each x ∈ X. Assume that for {αn} ⊆ (, ), limn→∞ αn = , and let every Picard, Mann,
Krasnoselskij and Ishikawa iterative sequence converge to q. Then the Picard, Mann and
Krasnoselskij iterations are T-semistable. Moreover, if T has bounded above range, then
the Ishikawa iteration is T-semistable.
Corollary . Let (X,‖ · ‖c) be a cone normed space, P be a normal cone and T be a f -
Zamﬁrescu or quasi-contraction self-map of X and q ∈ F(T). Assume that {αn} in Mann
and Ishikawa iteration procedures satisﬁes {αn} ⊆ (, ) and limn→∞ αn = . Also, let ev-
ery Picard, Mann, Krasnoselskij and Ishikawa iterative sequence converge to q. Then the
Picard, Mann and Krasnoselskij iterations are T-semistable. Moreover, if T has bounded
above range, then the Ishikawa iteration is T-semistable.
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